ABSTRACT. Let E be an elliptic defined over a number field K. Then its Mordell-Weil group E(K) is finitely generated: E(K) ∼ = E(K) tor × Z r . In this paper, we will discuss the cyclic torsion subgroup of elliptic curves over cubic number fields.
INTRODUCTION
Let E be an elliptic defined over a number field K. Then its Mordell-Weil group E(K) is finitely generated:
For a fixed E/K, the torsion component E(K) tor can be calculated. Actually, for an elliptic curve E/K with Weierstrass equation
such that A, B ∈ O K . Let ∆ = 4A 2 +27B 2 and let P ∈ E(K) tor be a point. Then y(P ) 2 is essentially bounded by ∆ (See [23] Exercise 8.11). However, for a general class of elliptic curves, it is usually difficult to list all the possible structures of E(K) tor . We can consider the following:
Method A: If N is big enough such that elliptic curves over F p 3 for a suitable p can not admit Z/NZ as a subgroup, and if the decomposition
has all A i finite, i.e. L(A i , 1) = 0, 1 ≤ i ≤ n, we can show the nonexistence of cubic points on X 1 (N) in a relatively easy way.
Method B: If we can not show all the quotients of J 1 (N) are finite, we can consider the decomposition
and collect the B i such that L(B i , 1) = 0. Then investigate Hecke correspondences T 1 , T 2 , T 3 on the finite quotient and make use of Kamienny's criterion.
Method C: If none of the two methods above work, we have make use of reduction of the defining equations of X 0 (N). By investigating the Atkin-Lehner involutions, we may find some contradiction.
ELLIPTIC CURVES OVER FINITE FIELDS.
Let k = F q be the finite field with q = p n elements. Let E/k be an elliptic curve over k. We can define the zeta function of E:
Here a q (E) = q + 1 − N q (E) and N q (E) = #E(k), the number of points of E over k.
The Riemann hypothesis for E is then the assertion that if Z E (q −s ) = 0, then Re(s) = 1 2 . We can also rephrase the Riemann Hypothesis as a bound on a q . In fact, the bound
is equivalent to the Riemann hypothesis for E. Let a q (E) = t, E is called ordinary if (t, q) = 1, otherwise it is called supersingular. In the range proposed by Riemann Hypothesis, all the ordinary t appear, while the supersingular t only appears in restricted case. Explicitly, we have:
Theorem 2.1 (Waterhouse [26] ). The isogeny classes of elliptic curves over k are in one-to-one correspondence with the rational integers t having |t| ≤ 2 √ q and satisfying one of the following conditions:
(1) (t, p) = 1; (2) If n is even: t = ±2 √ q; 
The Frobenius endomorphism
The algebra A = Q ⊗ End k (E) is semisimple with center Φ = Q(π). Deuring [1] also classified the endomorphism rings of elliptic curves over finite fields. Here we use the results of Waterhouse [26] instead.
Theorem 2.2 (Waterhouse [26] 
is the imaginary quadratic order of some discriminant D. There are h ′ (D) isomorphism classes of elliptic curves defined over Kohel [15] gives the method to calculate End(E). We call an isogeny φ an ℓ-isogeny if | ker φ| = ℓ. We restrict to prime ℓ. The classical modular polynomial φ ℓ ∈ Z[X, Y ] has the property
Proposition 2.3 (Kohel [15] ). The ℓ-volcano can be described as: (a) The subgraph on V 0 is a cycle. All other edges lie between V k and V k+1 for some k.
(c) For k < h, every vertex in V k has degree ℓ + 1.
KAMIENNY'S CRITERION ON CUBIC POINTS OF X 1 (N).
For N prime, Kamienny [7] established an criterion for the nonexistence of rational points of modular curves over number fields. This criterion can be mutatis mutandis generalized to the cases when N = prime power [8] or square free composite. In this section, we assume N is a prime power or square free.
The abelian varieties J 1 (N) /Q and J 0 (N) /Q are semistable and have good reduction at all primes ℓ ∤ N. By Manin [17] and Drinfeld [2] , the class of (0 − ∞) generates a Q-rational subgroup C of J 0 (N) /Q . Let J /Q be a quotient of J 0 (N) /Q with finite Mordell-Weil group.
Let X (d) denote the d-th symmetric power of X 0 (N), i.e. the quotient space of the d-fold product
A smooth projective curve X over an algebraically closed field k is called d-gonal if there exists a finite morphism f : X −→ P over k of degree d. For d = 3 we say that the curve is trigonal. Also the smallest possible d is called the gonality of the curve. Considering the modular curve X 0 (N) over C, we denote its gonality as Gon(X 0 (N)).
is a prime not dividing N, and every point of degree 3 on X 1 (N) reduces modulo p to the image of a cusp which is of degree ≤ 3. Then X 1 (N) has no noncuspidal point of degree 3.
Proof. If p does not divide the order of J 1 (Q), then the reduction map is injective:
If p divides the order of J 1 (Q), i.e. there is a rational point of order p in J 1 (N), we look at its Zariski closure G in the Néron model of J 1 (N) over SpecZ p , where Z p is the ring of p-adic integers. By Oort-Tate [25] the group scheme G must be the constant group scheme Z/pZ, and hence it isétale. As such it must map isomorphically onto its reduction modulo p. In other words, reduction modulo p is injective on any possible rational p-torsion. Therefore the reduction map (3.1) is always injective. Now suppose there is a noncuspidal point P of degree 3 on X 1 (N). Pick an element σ of order 3 in Gal(K/Q), where K is the normal closure of the defining field of P . Let Q be the cusp such that P/ Fp = Q/ Fp . So
hence by the injectivity of the reduction map above
Assume that N is large enough so that Gon(X 0 (N)) > d. Then we may define an embedding h :
We compose this with the natural projection J 0 (N) −→ J to obtain a map f :
be weight-two cusp forms on Γ 0 (N). We will say that
Proposition 3.2 (Kamienny [7] ). Suppose p > 2 and p ∤ N. The following are equivalent:
Lemma 3.3. Let p ∤ N be a prime number with
is an elliptic curve over K possessing a K-rational point P of order N, and let x = π(E, P ) be the corresponding point in X 0 (N)(K). Let ℘ be a prime of O K above p and let k be the residue field of
Proof. By the Kodaira-Néron Theroem [13, 14, 20, 24] , we need to check that E has multiplicative reduction at ℘, but P does not specialize to (E /k ) 0 .
If E has good reduction at ℘, then E /k is an elliptic curve with a k-rational point P /k of order N. By the Riemann hypothesis E(k) has order at most
2 . This is impossible under our assumption of N. If E has additive reduction at ℘, then the index of
If E has multiplicative reduction at ℘, and
This contradicts our assumption of N.
Theorem 3.4 (Kamienny's creterion [7] ). Let N be prime power or square free composite natural number such that Gon(X 0 (N)) > d. Suppose there is a prime p ∤ N, p > 2 satisfying:
Then there does not exist any elliptic curve with a point of order N rational over any field of degree d.
PRIME POWER CASES.
4.1. case X 1 (169). Calculations in Magma shows the decomposition
with dim A 1 = 2, dim A 2 = 3, dim A 3 = 3, and L(A i , 1) = 0 for i = 1, 3. So by KolyvaginLogachëv [16] , A 1 (Q) and A 3 (Q) are all finite. Take
as following:
They are linearly independent mod 3. Since 169 ∤ 3 6 − 1 and 169 > (1 + √ 3 3 ) 2 , then by Theorem 3.4, we are done.
4.2. case X 1 (121). We have the decomposition
Unfortunately, they are linearly dependent mod 3. So we need to reprove Lemma 3.3 for p = 5. We have 121
can not have an k-rational points P of order 121. So, Lemma 3.3 is true for p = 5, d = 3, N = 121. Then by Theorem 3.4, we are done.
4.3. case X 1 (49). J 1 (49) has decomposition:
where A i has dimensions: 1, 48, 6, 12, 2 and L(A i , 1) = 0 for all i. So J 1 (49)(Q) is finite. Let K be a cubic field. Let ℘ be a prime in O K lying above 3. Suppose x = (E, P ) ∈ X 1 (49)(K).
, then x ℘ is a cusp. We also know Gon(X 1 (49) > 3. Therefore by Lemma 3.1, there are no noncuspidal cubic points on X 1 (49).
4.4. case X 1 (25) . J 1 (25) has decomposition:
where A i has dimensions: 8, 4 and
So we need to show any elliptic curve E over k = F 27 can not have an k-rational points P of order 25. Suppose E(k) has a point of order 25,
Let K be a cubic field. Let ℘ be a prime in O K lying above 3. If x = (E, P ) ∈ X 1 (25)(K), then x ℘ is a cusp. We also know Gon(X 1 (25) > 3. Therefore by Lemma 3.1, there are no noncuspidal cubic points on X 1 (25).
4.5. case X 1 (32). The cyclic covering X 1 (32) −→ X 0 (32) can be factorised over Q into maps of degree 2 as follows:
where
. By the work of Igusa [3] we know that X 2 has good reduction modulo p = 2. The isomorphism class of each elliptic curve E defined over F q with a point P satisfying (π±1)P = 0 or (π±17)P = 0 contributes 8 points to the reduction X 2 of X 2 over F q . ].
Proof. Ishii [4] showed that X 0 (32) has a defining equation:
Reduction modulo 3 we have Table 2 list the points on the reduction of X 0 (32) modulo 3 which are rational over F 27 . For each j, we set a 6 = −1/j and have the following elliptic curve with j(E) = j E : 
To calculate the endomorphism ring End(E), we use
Reduction modulo 3, we have
Then we can calculate E(F 27 ),π and End(E) as listed in Table 3.   TABLE 3 . Endomorphism rings
Consider the Atkin-Lehner involution ω on X 0 (32). Then ω(P ) = P 0 ±P where P 0 = ω(P ∞ ). The reduction of ω modulo 3 has the same modular interpretation as over Q. By using the additive law on X 0 (32), the ω(P ) is calculated as listed in table 4. We can see if P corresponds to an elliptic curve with endomorphism ring Z[ √ −23], then ω(P ) always corresponds to an elliptic curve with endomorphism ring Z[
]. If P corresponds to an elliptic curve with endomorphism ring Z[
], then ω(P ) always corresponds to an elliptic curve with endomorphism ring Z[ √ −23] On the other hand, if P were the projection of any of those points on X 2 rational in F 27 , ω(P ) should correspond to an elliptic curve with the same endomorphism ring as P . We have a contradiction.
Theorem 4.2. There is no non-cusp point of degree 3 on X 1 (32)
Proof. Kenku [10] shows that J(X 2 ) Q is finite of order dividing 2 9 × 5 2 . Let K be a cubic field. Let ℘ be a prime in O K lying above 3. If x ∈ X 2 (K), then x ℘ is a cusp. We also know Gon(X 2 ) > 3. Therefore by Lemma 3.1, there is no noncuspidal cubic points on X 2 . Since γ 4 5 takes non-cusp point of degree 3 to a non cusp point of degree 3 on X 1 (32), we can conclude there is no non-cusp point of degree 3 on X 1 (32).
4.6. case X 1 (27). Consider the cyclic covering X 1 (27) −→ X 0 (27). The isomorphism class of each elliptic curve E defined over F q with a point P satisfying (π ± 1)P = 0 contributes 9 points to the reduction X 1 (27) over F q .
We find that noncuspidal points on X 1 (27) over F 125 comes from elliptic curves with endomorphism ring Z[
]. 
Proof. Ishii [4] showed that X 0 (27) has a defining equation:
with j-invariant given by For j = 0, we set A = − 1 j−3
and have the following elliptic curve with j(E) = j E : y 2 + xy = x 3 + Ax + A For j = 0, we have the following elliptic curve with j(E 0 ) = 0
Reduction modulo 5, we have
Then we can calculate E(F 125 ) and End(E) as listed in Table 6 . Consider the Atkin-Lehner involution ω on X 0 (27). Then ω(P ) = P 0 + P where P 0 = ω(P ∞ ). The reduction of ω modulo 5 has the same modular interpretation as over Q. By using the additive law on X 0 (27), We can see ω(P ) corresponds to an elliptic curve with different endomorphism ring as P . This is a contradiction.
Theorem 4.4.
There is no non-cusp point of degree 3 on X 1 (27).
Proof. We know X 1 (27) is not trigonal. And by Kenku [11] , J 1 (27)(Q) is finite and its order is not divisible by 5. So the argument in the case N = 32 works as well.
COMPOSITE CASES.
Since we have shown there is no torsion points of order N = 32, 25, 27, 49, 121, 169 , it suffices to prove there are no cubic points on X 1 (N) for N = 2 · 13, 3 · 13,5 · 13, 7 · 13, 11 · 13; 2 · 11, 3 · 11,5 · 11, 7 · 11; 4 · 7, 5 · 7, 6 · 7; 8 · 5, 6 · 5, 9 · 5; 8 · 3, 4 · 9. 5.1. case X 1 (143). We have the decomposition
as following: 
They are linearly independent mod 5. Since 91 ∤ 5 6 − 1 and 91
then by Theorem 3.4, we are done.
5.3. case X 1 (65). We have the decomposition
They are linearly independent mod 3. Since 65 ∤ 3 6 − 1 and 65 > (1 + √ 3 3 ) 2 , then by Theorem 3.4, we are done.
5.4. case X 1 (77). We have the decomposition
following:
They are linearly independent mod 3. Since 77 ∤ 3 6 − 1 and 77 > (1 + √ 3 3 ) 2 , then by Theorem 3.4, we are done.
5.5. case X 1 (55). We have the decomposition
They are linearly independent mod 3. Since 55 ∤ 3 6 − 1 and 55 > (1 + √ 3 3 ) 2 , then by Theorem 3.4, we are done.
5.6. case X 1 (40). J 1 (40) has decomposition:
where A i has dimensions: 1, 1, 1, 4, 2, 2, 8, 2, 4 and L(A i , 1) = 0 for all i. So J 1 (40)(Q) is finite. Let K be a cubic field. Let ℘ be a prime in O K lying above 3. Suppose x = (E, P ) ∈ X 1 (40)(K).
, then x ℘ is a cusp. We also know Gon(X 1 (40) > 3. Therefore by Lemma 3.1,  there are no noncuspidal cubic points on X 1 (40).
5.7. case X 1 (22) . J 1 (22) has decomposition:
where A i has dimensions: 1, 1, 4 and L(A i , 1) = 0 for all i. So J 1 (22)(Q) is finite.
We have 22 < (1 + √ 3 3 ) 2 ≈ 38.4. So we need to show any elliptic curve E over k = F 27 can not have an k-rational points P of order 22. Suppose E(k) has a point of order 22, then E(
Let K be a cubic field. Let ℘ be a prime in O K lying above 3. If x = (E, P ) ∈ X 1 (22)(K), then x ℘ is a cusp. We also know Gon(X 1 (22)) > 3. Therefore by Lemma 3.1, there are no noncuspidal cubic points on X 1 (22).
case X 1 (24).
Lemma 5.1. Let E be an elliptic curve (over a field k with base point O) and ϕ an involution on E. Then either ϕ(P ) = Q + P for a point Q ∈ E of order 2, or ϕ(P ) = Q − P for some point Q ∈ E.
Proof. By Silverman [23, III.4.7] , Every morphism ϕ can be written as ϕ = τ Q φ, where φ is an isogeny and τ Q is translation by Q ∈ E. If ϕ is an involution with ϕ = τ Q φ, then it is an automorphism, i.e. ϕ ∈ Aut(E). So φ ∈ Aut(E, O). We have
Take the value of O, we have
This means τ Q+φ(Q) = Id, hence φ 2 = Id. we see there is only one element in Aut(E, O) of order 2. Therefore, φ = ±Id. If φ = Id, then ϕ(P ) = Q + P for a point Q ∈ E of order 2. If φ = −Id, then ϕ(P ) = Q − P for some point Q ∈ E.
Consider the cyclic covering X 1 (24) −→ X 0 (24) . The isomorphism class of each elliptic curve E defined over F q with a point P satisfying (π ± 1)P = 0 contributes 4 points to the reduction X 1 (24) over F q . Then we can calculate E(F 7 3 ) and End(E). Consider the Atkin-Lehner involution ω i , i = 3, 8, 24 on X 0 (24) . By Lemma 5.1, we have ω i (P ) = P i ± P where P i = ω i (P ∞ ). We claim that at least one of them takes the positive sign. Actually, suppose both ω 3 and ω 8 take the negative sign, i.e. ω 3 (P ) = P 3 − P and ω 8 (P ) = P 8 − P . Then ω 24 (P ) = ω 3 • ω 8 (P ) = ω 3 (P 8 − P ) = P 3 − (P 8 − P ) = (P 3 − P 8 ) + P Denote this involution as ω. Then ω(P ) = Q + P for some point Q of order 2. We have 3 points on (X 0 (24))(F 7 3 ) of order 2. They are (0, −2), (1, −2) and (4, −2).
The reduction of ω i modulo 7 has the same modular interpretation as over Q. By using the additive law on X 0 (24), We can see ω(P ) corresponds to an elliptic curve with different endomorphism ring from that of P . This is a contradiction.
Theorem 5.3.
There is no non-cusp point of degree 3 on X 1 (24) 
